We report the possibility of completely destructive interference of three indistinguishable photons on a three port device providing a generalisation of the well known Hong-Ou-Mandel interference of two indistinguishable photons on a two port device. Our analysis is based on the underlying mathematical framework of SU(3) transformations rather than SU(2) transformations. We show the completely destructive three photon interference for a large range of parameters of the three port device. As each output port can deliver zero to three photons the device generates higher dimensional entanglement. In particular, different forms of entangled states of qudits can be generated depending again on the device parameters. Our system is different from a symmetric three port beam splitter which does not exhibit a three photon Hong-Ou-Mandel interference.
INTRODUCTION
The Hong-Ou-Mandel (HOM) effect [1, 2] , i.e., the completely destructive interference of two independent but indistinguishable photons, brought a paradigm shift to the field of quantum optics. Until the demonstration of the HOM effect the interference of independent photons was considered to be impossible. Such an interference effect manifests itself in the study of photon correlations rather than in intensity measurements. More specifically, if two single photons are sent from two different ports of a 50/50 beam splitter then the number of coincidence events at the two output ports vanishes. This follows from the fact that, if two photons are indistinguishable with respect to their wavelength and polarisation and their wave packages overlap in time, then the two different quantum paths interfere so that the two photons will never leave the beam splitter at different ports. If one of these parameters is changed, the photons become distinguishable and the dip in the observed coincidence rate starts to disappear.
The effect is quite versatile and has been observed in a very wide class of systems. Besides beam splitters it has been studied in other optical elements such as in integrated devices like evanescently coupled waveguides [3, 4] and coupled plasmonic systems [5] [6] [7] [8] . It has also been studied in the radiation from two trapped ions [9] , atoms [10] [11] [12] , quantum dots [13, 14] and for two different kinds of sources [15] [16] [17] .
Since the original work of HOM one also has examined the kind of interference that can take place if two single photons are replaced by say two photons on each port or say by one at one port and two at the other port. Hereby one has found very interesting quantum interference effects depending on the beam splitter reflectivity [18] [19] [20] . Another interesting possibility occurs if n photons arrive at each port of a 50/50 beam splitter -in this case the output ports never have odd numbers of photons [21] .
In this letter we report a three photon interference effect which is in the original spirit of the HOM effect -we examine the completely destructive interference of three indistinguishable photons on a three port device. We thus shift the focus from a two port device to a three port device. This brings a key change to the underlying mathematical framework as we work with SU(3) transformations rather than SU(2) transformations. We specifically examine a three port integrated device consisting of a small array of three single mode evanescently coupled waveguides as these are relatively easy to fabricate [22] . Although we tailor our discussion to coupled waveguide systems the results will be applicable to a class of wide bosonic systems described by the Hamiltonian (1). For the three port device we have found an analytical expression for the completely destructive three photon interference. Thereby we produce a variety of two and three photon entanglement at the output ports.
Our three port network is different from the symmetric mulitport beam splitter which has been extensively studied for the HOM like interferences [23, 24] . However for the three port system, such a splitter does not exhibit a perfect three photon HOM interference. On the other hand Campos [25] using the idea of Reck and Zeilinger [26] constructed a SU(3) transformation involving beam splitters and phase shifters which leads to three photon HOM interference. Further Tan et al. [27] showed how the SU(3) transformation involving beam splitters and phase shifters can lead to perfect photon interference depending on specific values of the parameters of SU(2) transformations. Note also that experimental studies of two photon interference in three port and four port devices have been reported in [28] [29] [30] . The study of multiport systems is also important in the context of Bosonic sampling [31] [32] [33] , where the main goal is to use coincidence data to reconstruct the unitar transformation matrix between input and output ports. [34] , which relies on a 3D geometry in order to couple all three modes to each other, we will use a more simple 2D structure, where the outer modes are coupled to the inner mode but not to each other. With the setup of [34] it is possible to suppress states [24] of the form |2, 1, 0 , which contain two, one and zero photons in the different output modes, but the output state will still contain a |1, 1, 1 -term corresponding to the coincidence detection of all three photon in the three different output modes. We will show that for a whole range of parameters of the waveguide our system can suppress this coincidence event, which corresponds to the original Hong-Ou-Mandel effect [1, 2] extended to three interfering photons. 
where corresponding coefficients can be calculated by explicitly expanding Eq. (4) or alternatively using a formalism for linear optical networks involving permanents [35] .
THREE PHOTON HONG-OU-MANDEL INTERFERENCE
A permanent of a matrix is equal to its determinant, but without the sign of the permutation taken into account. For a N × N matrix A it is given by
where the sum runs over all possible permutations σ of the set {1, 2, . . . , N }.
The coefficients c klm of Eq. (5) can be expressed by permanents of matrices V {k,l,m} , where k, l and m are the number of photons in the three output modes so that k + l + m = 3. Hereby V {k,l,m} is a 3 × 3 matrix and is constructed via the transformation matrix in Eq. (3). It consists of k copies of the first column of V , l copies of the second column of V and m copies of the third column of V [35] . Dividing the permanent of V {k,l,m} by a normalisation factor yields the final expression for the coefficients
One can show that the absolute value of these coefficients depends only on G and θ, but not on the phases ψ and ϕ of g 1/2 . The last two variables are linked to the phases of the coupling coefficients g 1/2 and will only have an impact on the phases of the coefficients c klm . Note that Eq. (7) only holds true for the input state |1, 1, 1 . However as shown in [35] , the formalism involving permanents can be expanded to arbitrary initial states by additional consideration of the rows of the transformation matrix corresponding to the input state.
In the following we analyse a particular type of states displaying a three-photon Hong-Ou-Mandel (HOM) interference. In analogy to the original two-photon HongOu-Mandel experiment [1, 2] , where two photons are never detected simultaneously at the two different output modes of a 50/50 beam splitter, the probability for all three photons leaving the waveguide at different output ports vanishes if
To analyse the conditions for the three-photon HOM interference, we have to calculate c 111 explicitly. With Eqs. (3) and (7) we find
where each summand corresponds to a different threephoton quantum path leading to the same final state |1, 1, 1 . For example the first term corresponds to the case, where all three photons exit the waveguide in the same mode they came in, the second term corresponds to the case, where the photon in the first/second/third mode switches to the second/third/first mode etc. As the photons are indistinguishable the coefficient c 111 is a coherent superposition of the amplitudes of all these quantum paths. By inserting the expression for the various matrix elements V mn and solving Eq. (8) we can find an analytical expression for the HOM contour in the variable space (G, θ), where all states |ψ out (G, θ) have a vanishing c 111 coefficient:
As can be seen from Eq. (10) completely destructive three photon HOM interference can take place for a large range of the parameters g 1 and g 2 . Note that for some values of G these equations would result in a complex valued θ and are therefore not considered as a solution. Fig. 2 shows a plot of this HOM contour, which is (2π-)periodic in G and θ.
INTERESTING STATES ON THE HONG-OU-MANDEL CONTOUR
Finally we investigate the states determined by the HOM contour. In the original HOM experiment a maximally entangled state of the form ∝ |2, 0 − |0, 2 is produced at the output [1, 2] . Similar states can be found in the case of a three-photon interference. Additionally to the condition c 111 = 0 we find that at certain points some coefficients c klm of Eq. (5) will vanish as well, so that further terms are suppressed. Other coefficients will have the same absolute value, so that the states can be written in a compact form. We found three different kinds of states fulfilling this condition, which display entanglement between two and possibly three output modes.
In Fig. 3 (a) , where the HOM contour is shown, some coordinates are marked by points, where one can find maximally bipartite entangled states. A closer investigation yields that for these all coordinates we find states of the form
with j = 1, k = 3 and l = 2 at the red crosses, with j = 2, k = 3 and l = 1 at the green dots and with j = 1, k = 2 and l = 3 for at the blue diamonds. Note that for simplicity we neglected phase factors in front of each state (see appendix for the exact analytical expression for each coefficient and the coordinates). All the three states have a similar form, where one mode containing one photon is separable while the remaining two modes are in a maximally entangled state. Depending on the phase ψ/ϕ of the coupling coefficients g 1/2 the relative phase between the non-separable states can be varied. Note that these states are created in a deterministic way so that no post selection is necessary. In Fig. 3 (b) and (c) the coordinates of possible tripartite entangled states along the HOM contour are displayed. Note that we have three modes and each mode has four possible states-corresponding to the occupation of 0, 1, 2 and 3 photons. We are thus dealing with higher dimensional entanglement of three qudits (d = 4). A complete classification of the classes of entangled states for qudits (d = 4) does not exist. However the structure of tripartite states generated for the case of Figs. 3 (b) and (c) suggests three qudit (d = 4) entanglement. The form of the states of Fig. 3 (b) and their coordinates read
with j = 2, k = 3 and l = 1 at the red crosses, with j = 1, k = 3 and l = 2 at the green dots and with j = 1, k = 2 and l = 3 at the blue diamonds. The form of the wave function of these states of Fig. 3 (c) and their coordinates are given by
with j = 1, k = 2 and l = 3 at the red crosses, with j = 2, k = 1 and l = 3 at the green dots and with j = 3, k = 1 and l = 2 at the blue diamonds. As before we neglected phase factors in front each state for simplicity (see appendix for tables containing all coefficients and the analytical expressions for coordinates for all states). We have written the states in a way that a certain mode is always factored out in each term so that the entanglement between the two remaining modes is clearly visible; this suggests that the states are not separable and are good candidates for tripartite entanglement.
CONCLUSION
In conclusion, we investigated the dynamics of a 3×3 waveguide where the outer modes are coupled to the inner mode by evanescent coupling but not to each other. Beginning with three indistinguishable single photons at the three input ports we showed that for a wide range of waveguide parameters this leads to completely destructive three photon interference, i.e. for these parameters the photons will never leave the waveguide in three separate ports. This is a generalisation of the well know Hong-Ou-Mandel effect from two to three photons. Additionally the produced output states consisting of three qudits (d = 4), exhibit highly interesting structures displaying bipartite or possibly tripartite entanglement. in the framework of the German excellence initiative. We thank M. Tichy, T. Meany, H. de Guise for bringing their works to our attention. S. M. gratefully acknowledges the hospitality at the Oklahoma State University. G. S. A. thanks Ian Walmsley and Paolo Mataloni for discussions on HOM interference in integrated devices.
APPENDIX
For certain waveguide parameters G and θ we found three interesting sets of states on the HOM contour, on which the coincident event is suppressed and therefore c 111 vanishes. However only the general form of these states was discussed before but not the explicit values of coefficients. Here we present their analytical values: Tables I to VII contain the exact analytical expressions for the coefficients of Eq. (11) to (13) of the paper. Note that in Eqs. (12) and (13) of the main paper some signs depend on the value of n mod4. Therefore in Table III and VI n is replaced by 4ñ + 0, 4ñ + 1, 4ñ + 2 or 4ñ + 3, in which case all possible cases are considered. (11) . Coefficients, which are not listed, are equal to 0.
e i(ψ−ϕ) (12) . Coefficients, which are not listed, are equal to 0. (12) . Coefficients, which are not listed, are equal to 0. (12) . Coefficients, which are not listed, are equal to 0.
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